In this paper, we study P −V criticality for the charged accelerating AdS black hole and determine some critical quantities. Here, we consider two different approaches as heat capacity and thermodynamic geometry and investigate phase transition of corresponding black hole in nonextended and extended phase space. We show that in canonical ensemble (fixed electric charge), the heat capacity approach give us two types of phase transition as type one and two. Then we study thermodynamic geometry of the black hole by two separate methods as thermodynamic metric and metric independent way. By comparing the obtained results, we notice that the thermodynamic metric approach can not describe both phase transition simultaneously and also divergent point of Ricci scalar do'nt coincide with phase transition point for some cases. By investigation of metric independent way we find that curvature scalar (of equilibrium state space geometry) is singular at the point where specific heat diverges and this method is suitable approach to describe thermodynamic geometry of accelerating charged black hole.
introduction
One of the most important theoretical subjects of physics in recent years is the quantum nature of gravity. There are several approaches to study the quantum gravity. For example, one of the interesting methods is black hole thermodynamics in AdS spacetime [1] [2] [3] . As we know, the studies on the black hole thermodynamic are started by Hawking and Bekenstein [4] . They clarified that all laws of black hole mechanics are same to ordinary thermodynamics by appropriate identification of the related quantities, such as temperature, entropy, energy and etc. The thermodynamic of black hole with presence of a negative cosmological constant play important role in holography and AdS/CFT. On the other hand such constant treat as pressure and its conjugate quantity as a thermodynamic volume [5] [6] [7] . From AdS/CFT point of view, asymptotically AdS black hole spacetimes admit a gauge duality description with dual thermal field theory. Such theory lead us to interesting phenomenon which is called Hawking-Page phase transition [8] [9] [10] [11] . As we know, the phase transition plays a key role to study thermodynamical properties of a system near critical point. There are different methods to investigate phase transition. One of the such approaches is studying the behavior of the heat capacity in different ensembles. There are two types of phase transition which are types one and two. The type one is related to changes of signature in heat capacity and roots of heat capacity are representing phase transitions. The type two is related to divergency of the heat capacity. It means that the singular points of the heat capacity are representing the phase transitions. On the other hand, another approach for studying the thermodynamical behavior of the system is thermodynamical metric. For the first time, Weinhold introduced a metric on the space of equilibrium states where its components are given as a second derivatives of internal energy with respect to entropy and other extensive quantities [12, 13] . Then, Ruppeiner introduced a metric which is defined as the negative second derivatives of entropy with respect to the internal energy and other extensive quantities of a thermodynamical system [14, 15] . The Ref. [16] shown that the Ruppeiner metric is conformal to the Weinhold metric and the corresponding conformal factor is inverse temperature. Due to effective role of these metrics in ordinary thermodynamical systems, they were employed to study thermodynamic black hole. But these two metrics were unsuccessful in describing the phase transition of some black holes. Therefore, Quevedo proposed new type of thermodynamical metrics in which solved some of problems [17, 18] . But, this thermodynamic metric also had some shortcomings. Hence, Hendi et al. proposed a new metric which eliminated the problems of previous thermodynamical metrics [19] [20] [21] [22] [23] . In Ref [24, 25] authors tried to present the geometric interpretation of the P-V criticality in a general way; i.e. in a metric independent way. They showed that for any black hole, curvature scalar (of equilibrium state space geometry) is singular at the point where specific heat diverges. Also they demonstrated metric (of equilibrium state space geometry) diverges where inverse specific heat diverges. On other words the singularity of curvature scalar is related to type two of phase transition and metric singularity describes type one. In this paper, we are going to investigate the phase transition of charged accelerating AdS black hole by heat capacity and thermodynamic geometry methods in two phase spaces as nonextended and extended phase spaces. In order to study two types of phase transition we have to determine divergence points and roots of heat capacity. Then, we will investigate phase transition in thermodynamical geometry point of view. We employ two separate approach for geometry description of the black hole and compar obtained results together.
P -V criticality of charged accelerating AdS black hole
In this section, we will investigate the P − V criticality and phase transition of charged accelerating AdS black holes and calculate the critical quantities such as P c , T c and r c . To start, we review some basic thermodynamic properties of charged accelerating AdS black hole. The corresponding solution is given by [26, 27] ,
where
where Ω is conformal factor which is given by,
which determines the conformal infinity or boundary of the AdS space-time. The parameters m, e and A > 0 are related to the mass, electric charge and the magnitude of acceleration of the black hole respectively, and also ℓ = −Λ 3
is the AdS radius. By looking at the angular part of metric and the behavior of g(θ) at poles θ + = 0 and θ − = π, one can find the presence of the cosmic string. The regularity of the metric at a pole lead us to arrange following expression,
As we see in Eq. (4), for mA = 0, one can not fix the K parameter then the regularity exists at both poles. The lack of regularity at an axis cause the conical singularity. For this reason K is chosen to regularize one pole, leaving either a conical deficit or a conical excess along the other pole. Since a conical excess is created by a negative energy object we assume that the black hole is regular on the North Pole (θ = 0) with K = K + = 1 + 2mA + e 2 A 2 and then on the South Pole axis θ = π there is a conical deficit,
which corresponds to a cosmic string with tension µ = δ 8π
. Now we review the thermodynamic of charged accelerating AdS black hole. The mass of the black hole M,the electric charge Q and the electrostatic potential Φ are,
where F is the electromagnetic field tensor which is related to gauge potential B as,
The pressure is associated to the cosmological constant,
The entropy of black hole is identified with a quarter of the horizon area which is given by,
The mass parameter is determined by the following horizon function,
The Hawking temperature is given by,
By employing E.q (10), we can compute the Hawking temperature on the horizon. As was discussed in [24] , the temperature T will be infinity when the horizon radius r + → 1 A
. To avoid this singularity, one can consider the value of Ar + as a constant for simplicity (Ar + =a). we plot Figure (1) to study the behavior of the temperature. As we see, the temperature is negative for some range of r+ which is representing a unphysical state. Also we notice that by increasing mA parameter in range of 0 < mA < 1, the positive range of temperature (physical state) increases too. Generally, the black hole thermodynamic volume is expressed as,
By rearranging Eq. (11), we obtain the equation of state as, where the horizon radius r + is related to the specific volume υ. We draw pressure with respect to r + in figure (2) . We see that, P − V criticality exists for T < T c and one can say the charged accelerating AdS black holes have Van der waals-like behavior. The critical point occurs in the inflection point of P (r + ) which is determined as follows,
By using Eqs (13) and (14), we can determine the critical pressure P c , critical specific volume r c and critical temperature T c ,
We can obtain a relation between P c , T c and υ c = Br c ,
The above product is equal to 3 8 when B → . As we know there are several methods to investigate the thermal stability. One of these methods is the study of heat capacity in the canonical ensemble (fixed Q). The positivity of heat capacity ensures thermal stability of system. As regards the change of sign in heat capacity is representing the phase transition between unstable/stable states. So here, we investigate two types of phase transition as type one and type two. The phase transition of type one is related to roots of heat capacity. It means that T = 0 indicate a bound point between unphysical (T < 0) and physical (T > 0) region. The phase transition of type two is associated with divergence points of the heat capacity which is obtained by solving
We can rewrite the Hawking temperature in terms of the entropy S, pressure P and electric charge Q as follows,
Then, the heat capacity is,
We plot the behavior of the heat capacity in Fig.3 and show two types of phase transition.
As we see, the heat capacity will be divergent by increasing K parameter this lead us to have type two of phase transition. We also draw differentiation of heat capacity with respect to entropy for zero accelerating parameter in fig (4) . As we see, type one of phase transition occurs for larger entropy than previous case (nonzero accelerating parameter) but type two exits for smaller entropy than nonzero case.
Thermodynamic geometry and phase transition
Another approach to study the thermodynamical behavior of the system is the thermodynamic geometry. This method requires to an appropriate metric by using thermodynamical C Q with respect to entropy S for K = 1, P = 1 and A = 0 quantities. For building a suitable metric, one can employ a thermodynamical potential with specific set of extensive parameters. Then by calculating Ricci scalar of introduced metric and determining divergency points, one can investigate both two types of phase transition. It was demonstrated that the obtained result is similar to the result of heat capacity. It means that divergence points of Ricci scalar and divergence/zero point of heat capacity are coincide.
As mentioned in introduction, there are several method to build geometry spacetime such as Weinhold, Ruppeiner, Quevedo and HPEM metric. We first review four mentioned metric and investigate phase transition of charged accelerating AdS black hole in nonextended phase space and extended phase space. Then we will compare the results with heat capacity and will find suitable metric for studying phase transition of charged accelerating AdS black hole.
Nonextended phase space and thermodynamic geometry
As mentioned, we consider the electric charge as a fixed parameter in the phase transition of heat capacity in canonical ensemble. But it may be a extensive variable to build thermodynamic metric. For charged accelerating AdS black hole in nonextended phase space, we assume the pressure as a fixed thermodynamical quantity and consider the total mass as thermodynamical potential and entropy and electric charge as extensive parameters. Now we want to study the phase transition of charged accelerating AdS black hole by the above mentioned thermodynamic metrics.
Weinhold metric
The first geometric formulation was introduced by Weinhold. He defined thermodynamical metric as the second derivative of the mass (internal energy) with respect to the entropy and other extensive parameters. The Weinhold metric is given by,
where S is the entropy and N a determines all other extensive variables of the system. For this solution of black hole we can consider the mass as a function of entropy S and electric charge Q. But there is a significant matter where differentiation of mass will be not straightforward here. Because first law of thermodynamics will be satisfy with two constraints for accelerating black hole. These two conditions imply that mA and eA are unchanged, hence mδA = −Aδm and eδA = −Aδe. Therefor, one can obtain differentiation of mass with respect to entropy, charge and pressure as follows,
where C = (
. By using Eqs. (21) and (23), we can find the following expression for the denominator of Weinhold Ricci scalar,
We draw Weinhold Ricci scalar with respect to entropy, as we see in Fig.5 the divergent point of Weinhold Ricci scalar does not coincide with divergent/zero point of heat capacity. Therefore this metric can not describe none of two types of phase transition for this black hole.
Ruppeiner metric
The second metric formulation of thermodynamic geometry was presented by Ruppeiner. This metric is defined as the second derivative of the entropy with respect to the internal energy and other extensive variables. The Ruppeiner metric is defined as
where U is the entropy and N a determines all other extensive variables of the system. The Ruppeiner's metric is conformally equivalent to Weinhold's metric with inverse of the temperature as the conformal factor.
One can find the following relation for Ruppeiner Ricci scalar
In figure (6), we have plotted Ruppeiner Ricci scalar with respect to entropy. We notice that divergence point is not identical to divergence/zero point of heat capacity, hence this metric is not able to describe the phase transition of this black hole solution.
Quevedo metrics
As we know the Ruppeiner metric and Weinhold metric are not invariant under Legendre transformation. For this reason Quevedo introduced a metric which was Legendre invariant in the space of equilibrium state. The Quevedo have two kinds of such corresponding metrics which are given by, dS
with
The denominator of Quevedo Ricci scalar is expressed as follows,
We show the Ricci scalar behavior of Quevedo metrics with respect to entropy in figures (7) and (8) . We see that both metrics are unable to describe phase transition of this black hole. 
HPEM Metric
In 2015 Hendi and others expressed a new metric which contained both types of phase transition and rectified shortcomings of the three previous metrics. So, HPEM metric is given by,
By calculating Ricci scalar, we can obtained its dominator as follows,
We draw HPEM Ricci scalar with respect to entropy in Fig.9 and see the divergence points exactly coincide with divergence points of heat capacity but this points are not identical to zero point of heat capacity. Then one can say this metric just can describe type two phase transition.
Extended phase space and thermodynamic geometry
In this section, we are going to extend our phase space by considering the pressure P as an extensive parameter and explore it,s effects on different approaches of thermodynamic geometry. In this case thermodynamical space transform from M(S, Q) to M(S, Q, P ). So, the Weinhold, Ruppeiner, Quevedo and HPEM metrics are modified following expressions, 
By calculating Ricci scalar of these metrics and their specific structures, one can obtained the denominators of Ricci scalar into following forms,
In case of extended phase space, the mass of black hole is a function of entropy S, pressure P and electric charge Q, where C = (
. By employing Eq. (22), one can determine derivation of mass with respect to entropy, charge and pressure. We will be able to describe phase transition in extended phase space by drawing deafferentation of Ricci scalar for each of metrics. As we see from figures (10-13), Weinhold, Ruppeiner and QuevedoII metrics are not suitable candidate to study phase transition for this phase space. But QuevedoI metric can describe type two of phase transition. The Eq.(38) shows that denominator of HPEM Ricci scalar is identical to nonextended case and as mentioned in pervious section this metric only describe type two phase transition. As we see none of the metrics describe type one phase transition. Then we employ another approach to describe this type of phase transition which is geometric description of critical conditions.
Thermogeometry in a unified framework
The black hole thermodynamic is similar to usual thermodynamic. Specially, when the cosmological constant treat as pressure the P-V diagram of the AdS black holes at constant temperature and charges is identical to van der Waals diagram. In ref [25] , authors tried to define thermogeometrical metric by geometrical interpretation of two critical conditions where the defined metric was Legendre invariant. They expressed two independent metrics corresponding to these critical conditions where the obtained Ricci scalar of these metrics will be divergent at critical point. For the first condition, they considered the Helmholtz free energy as the appropriate quantity to define thermogeometrical metric and expressed a thermodynamic phase space τ with the coordinates Z A = {F, X a , P a } where X a = {V, T, Y i } are the thermodynamic variables and P a = {F V = −P, F T = −S, F Y i = X i } are the the conjugate variables. Also, they defined a subspace ξ with coordinates of X a which is mapped to τ with ϕ F : ξ → τ . The subspace ξ is called the space of equilibrium states if ϕ * F (θF ) = 0. The Legendre invariant metric on τ space is written as
The induced metric on ξ by using g
), is expressed as,
Where X i is the potential corresponding to the charge Y i . For example X i and Y i are electromagnetic potential and electric charge respectively for charged black hole. The metric coefficients can be identified as,
The Ricci scalar diverges as O( = −F V V . For geometrical description of second condition, the pressure is considered as proper thermodynamic quantity (instead of F ). Like the previous case, a thermogeometrical metric is defined on a thermodynamic phase space τ with the coordinates Z A = {P, X a , P a } where X a = {V, T, Y i } are the variables and P a = {P V , P T , P Y i } are the corresponding conjugate quantities of those variables. Again one can define the subspace ξ having the coordinates X a with a smooth mapping ϕ P : ξ → τ . In this case Eq. (38) is converted to,
For g
), one obtains
(43) The Ricci scalar corresponding to the metric is divergent as R
). Now we are going to employ these metrics and investigate phase transition of charged accelerating AdS black hole. The conjugate variables for the invariant θ F picture can be written as,
with the relation of the event horizon radius r + = CV 1
3
, where C = (
). Since in this case F T T = 0 = F T Q , the thermogeometrical metric (39) is reduced to,
which is a two dimensional metric and the Ricci-scalar is determined easily as following,
The geometrical metric in the invariant θP picture is given by, 
By calculating the Ricci-scalar, we achieve to the following expression,
We draw R 1,2 − S diagram in figure (14) . We notice that, Ricci scalar singularity coincide with divergent point of heat capacity. Then this approach can describe type two phase transition correctly. The metric of equilibrium state space geometry should be divergent to have type one phase transition. Since a metric singularity may be a coordinate artifact, one can say actual black hole phase transition is heat capacity divergent.
Conclusion
In this paper, we studied P − V criticality for the charged accelerating AdS black hole and determined critical quantities and relation between them. We also investigated phase transition by two approaches as heat capacity and thermodynamic geometry for corresponding black hole in two separate phase spaces as nonextended and extended. From heat capacity point of view, we obtained two types of phase transition as type one and type two.
Then, we employed thermodynamic geometry approach and investigated the phase transition by two different geometry methods. We used several thermodynamic metrics such as Weinhold, Ruppeiner, Quevedo and HPEM and determined Ricci scalar and divergence points for these metrics. We compared the obtained results with heat capacity results. In studying thermodynamic geometry in nonextended phase space, we notice that Weinhold, Ruppeiner, QuevedoI and QuevedoII metrics are not suitable candidates for investigating phase transition for corresponding black hole. Because their divergence points don't coincide with divergence/zero points of heat capacity. But HPEM metric was able to described type two of phase transition correctly. Then, we extended the thermodynamic phase space by considering pressure as extensive parameter and explored its effect on phase transition. We have shown that the QuevedoI and HPEM metric results are physical consistent with phase transition of heat capacity and their divergence points are same as divergence points of heat capacity in extended phase space. Afterward, we investigate thermodynamic geometry in a metric independent way that in fact is geometrical description of two critical condition. We showed that curvature scalar (of equilibrium state space geometry) is singular at the point where heat capacity diverges.
